CALCULATING THE INTEGRAL CHARACTERISTICS
FOR A COMPRESSIBLE STREAM OF AN IDEAL
GAS IN THE CASE OF ADIABATIC FLOW

A. F. Gandel'sman, B. A. Kader, UDC 532.517.2:533.601. 1
G. G. Katsnel'son

A simple calculation procedure is proposed to make it possible to use the results from ex-
perimental measurements of the velocity profile for a compressible stream to determine
the integral characteristics of the boundary layer. This method is valid for the adiabatic
flow of an ideal gas, provided that the experimental velocity profile can be satisfactorily
approximated by an exponential function,

As is well known, the calculation of the integral characteristics for a dynamic boundary layer of a
compressible stream on the basis of experimental data obtained in the measurement of the velocity profile
is associated with laborious numerical integration. These calculations can be substantially simplified,
given certain assumptions.

Let us consider the adiabatic flow of an ideal gas when Pr=1. We will assume that the real
distribution of the velocity can be satisfactorily approximated by an exponential function. The use
of the exponential approximation in this case is purely theoretical and is not associated with a specific physi-
cal model of the flow governing the quantitative relationships of the process. At the same time, such an
approximation exhibits significant advantages, since it permits us easily to obtain approximation parameters
from the experimental points and also allows a significant simplification (a8 will be evident from the follow-
ing) in the calculations, while retaining sufficient accuracy in the determination of the integral character-
istics.

Let us write out the adopted assumptions:

u i/n
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In integrating the boundary-layer equations we frequently encounter an expression of the form
[i]
N
S‘L(J‘_) dy (=0, 1,2 ..
Po Uy

With (1) we can transform this integral

p A1 fu ¢ i/n
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where

Institute of Chemical Engineering, Moscow. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol,
16, No. 4, pp. 673-679, April, 1969. Original article submitted May 31, 1968.

© 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York,
N. Y. 10011. Al rights reserved. This article cannot be reproduced for any purpose whatsoever without
permission of the publisher. A copy of this article is available from the publisher for $15.00.

461



€2L081°0 | 998951'0 |- 16Ge91 0 | L2BOLITO | Le88L1°0 | 120/81°0 | €8VWL6I1'0 | S¥¥B0Z0 | 280280 | 18/462°0 02'3
1262800 S00980°0 286680°0 7996010 €81660°0 8¥5%01°0 S¥S011°0 963L11°0 1 996310 0g/ge1’0 00'¢
SI1150°0 ZH0sH0° 0 9518%0°0 1674700 £800%0°0 626350°0 §869¢0°0 £36650 0 2814900 3006900 0401
GLOBI0‘0 6468100 Q166100 986020°0 821230'0 S1520° 0 $30930°0 4v.920°0 S1/820°0 S001€0°0 0g°1
PHOPI10°0 8GE910°0 9¥1910°0 610L10°0 £66.10°0 G80610°0 8120200 £8L150°0 8ELEG0'0 ¥13930°0 021
SLLTT0°0 35¢310°0 686310°0 G69£10°0 T8YFI0‘0 99¢410°0 G9L910° 0 709L10°0 | “€18810°0 SE050° 0 01'1
LOOTT0'0- | Z¥SY10°0 | €¥1GI0°0 v08Z10°0 | Z¥Se10‘0 69EPI0'0 | SOESTOO ;1 l£9I0°0 666210°0 | S30610°0 L0°1
2150100 $EOII0 0 $09110°0 988310°0 1763100 £ELE100 829¥10°0 879810°0 338910°0 8818100 e0°1
£18600°0° | 9630T0°0 8G8010'0 6171100 820310°0 L18310°0 $99810°0 809%10°0 90/S10°0 £86910°0 801
€9€600°0° | ¥38600°0 ZeL010°0 L68010°0 938110°0 £63310°0 780€10°0 ¥H6£10°0 £66¥10°0 £1g910°0 00'1
636800°0 898600°0 $98600° 0 36€010°0 £66010°0 8991100 18%610°0 108210°0 £08¥10°0 89%510°0 860
$0€800°0 $12800°0 991600°0 £996000 150100 §98010°0 998110°0 1163100 01€€10°0 965%10°0 26°0
£62200°0 9692000 8608000 6£9800'0 $£0600'0 068600°0 0280100 8E6010°0 $9,110°0 22.310°0 06°0
8299000 | £06S00°0 | ¥IZ90070 | 999900°0 | L£6900'0 | 99€L00°0 168/00°0 | S0¥800°0 | €¥0600'0 | G8.600°0 08 0
2025000 T1¥%00°0 179%00°0 L68Y00°0 £81900'0 $06500° 0 898900°0 £839000 1929000 61€L00°0 0L°0
£90%00°0 S91500°0 6L3500°0 S0%300°0 9%5300' 0 $0.300' 0 $88200°0 6806000 S3EL00 ‘0 1092000 08°0
$3L000°0 092000°0 | 0080000 G¥8000° 0 ¥68000°0 096000°0 £10700°0 9801000 691100°0 9921000 0g’o
0z 61 81 A | o1 81 1 €1 4 i oy
u
8380550 6E¥692°0 2€€163°0 £8G8L18°0 1896%¢°0 G0668¢°0 8395 °0 0L¥819°0 102329°0 03'¢
9888710 969910 $L6691°0 3L1.81°0 8368030 G9896Z ‘0 $386.3°0 3882280 £7L80¥%°0 002
1897200 Z0%180°0 0676800 L1%660°0 $I6TIL'0 $91831°0 8€30S1 ‘0 6912810 0263830 0L‘1
$696€0°0 0069200 L8L0%0°0 2098%0°0 93L150°0 83.690°0 £060L0°0 LS3280'0 09881170 08l
61972200 1600€0°0 LYBEL0 "0 cIzLe0'0 G9GG10' 0 1668%0°0 Y#I850°0 €9L120°0 ¥96E60°0 02°1
£31380°0 892¥50°0 0.8920°0 Z010€0' 0 RTTHED 0 6296500 9EGLY0 0 61%850°0 8929100 01°1
500200 211330°0 £41520°0 9818600 6902200 1812€0°0 18G%%0°0 66.¥50°0 §503L0°0 20°1
961610°0 2121500 ¥50%20 0 636960 ‘0 0£90€0°0 6285800 9863700 SL¥380'0 8206900 G0°1
L8%8100 6820200 8L¥8z0°0 Z61550°0 899820°0 8938200 1596€0° 0 6116%0°0 SL9%00°0 0°1
0592100 698610°0 097130°0 190%50°0 98€L30°0 88L1€0°0 8682200 S969%0 ‘0 3.8190°0 00°1
178910°0 £87810°0 1890200 196320°0 , G¥1920°0 | 9E0E0°0 | 96190°0 | S8%H0'0 | 0S1690°0 860
9/9910°0 20BL10°0 1106100 061200 15€%30°0 1828200 L¥LE800 6981%0°0 §13990°°0 860
%98210°0 812910°0 1/8910°0 636810°0 £9G1%0°0 8609700 1166200 3E1LE0°0 RE06%0°0 060
2990100 01L110°0 686810°0 %8S¥10°0 $29910°0 €£2610°0 1018200 66.800'0 030820 ‘0 080
926000 ¥9/800°0 §gL600'0 ¥66010'0 19%210°0 2085100 1S6210°0 1091200 829860 °0 0.0
92600 0 2187000 €6L%00°0 88ES00 0 2819000 691200°0 0658000 S1/010°0 L¥2¥10°0 080
1881000 615100°0 189100°0 868100°0 891500°0 8282000 £20200°0 88LE00°0 SH0900°0 0g'0
o1 | 6 ] | L 9 g ¥ g 3 oy
u
(u) £ 1RIZOIU] Oy} JO senBA I A TAVIL

462



TABLE 2. Formulas for the Calculation of the Integral Charac-
teristics of Plane~Parallel Flow, Using the Values of J(n)
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Using the substitutionz = (y/8)'/?, we finally obtain
8 { I nti=1
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The integral J(n) is easily calculated with the required degree of accuracy for any value of the expo~
nent n (including a fractional exponent) by expanding the integrand in series and integrating term by term:
. ! 1
J(n) = —_— — 3
(v) Z.;{Zj—g—n—-l 7 )
Series (3) converges more rapidly than a geometric progression, which always makes it possible to
determine the number of terms in the series, which must be retained to achieve the specified accuracy.
Calculation with (3) for most cases is considerably more economical than with the finite formulas which
can be derived for whole values of u.

Such calculations were performed for the interval of values for n = 2-20 and A, = 0.3-2.2 on the Ural-2
digital computer with an accuracy to 6 significant fignres. This high accuracy can be explained by the fact
that in determining the integral characteristics we have to work with the difference between close values of
the integral J(n). The results of the calculations are shown in Table 1.*

It is easy to prove that under conditions (1) the calculation of the integral characteristics for the
boundary layer of a compressible stream can be reduced to the calculations of the linear combination of
earlier tabulated values of J(n). To carry out the calculations we have to find the exponent for the curve
approximating the real velocity distribution and we must know the reduced velocity at the channel axis.

*The calculations in Table 1 have been carried out for k = 1.4. The results can easily be extended to any
(gaple = M6(k— 1)/(k + 1).
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Table 2 shows the formulas for the determination of the integral characteristics of the boundary
layer of a plane-parallel flow. Similar transformations are possible for axisymmetric flow. Here the
velocity distribution is approximated by an exponential function of the form

—_— 1/n
Mo (T (unstabilized flow),
Uy 6

J— t/n
Ao (r"—-———r) (stabilized flow).
Uy o

The formulas for the axisymmetric flow are given in Table 3. For an incompressible fluid all of
the relationships are reduced to those that are well known.

Let us expand the possibilities of the proposed method. We will examine the following integral:

anti=1

4 z
lp ui rn
—|—]dy=06n(A—1 dz= 8n(A—1)J, — 1),
§%(%>y R e

where z = (y/(S)l/'fl (by analogy with the previous),

2z

J, ()= jv Z dz.

A— 22

G
Using the series expansion, we obtain

2tn—1
J,(n) = 2 ! /8 "
z o 2 n+1 A
Then we can write .
2f+4n—1
1 (y8) "
2% +n—1 Al

T, () = J (1) ==

] ] 1 ' @
= 2 4+n—1 A

To evaluate the magnitude of the fraction in (4), we remove the first terms of the infinite series in
the numerator and in the denominator from the parantheses, and we replace the remaining terms with the
geometric progressions

nTl [(y/a)n+l]jl 1+ (n+1)A
. 2/n--1
Jo () =J (1) (4/9) = J (1) (4/6) 2[A—@/d)""™] )
-1 m n+ 1A
2 4.4 ( ) 2(A—1)

With formula (5) we can calculate the integral characteristics, although not for the entire thickness
of the boundary layer, but at certain parts of it. In this case, it is sufficient to replace J(n) by J5 () in the
expressions of Tables 2 and 3. This method makes it possible — applying the law of additivity — to calculate
the integral characteristics even in the case in which the real profile is approximated by certain exponen-
tial relationships. Moreover, it can be used in converting to the Dorodnitsyn variables whose use enables
us to reduce certain compressible~fluid problems to the problem of an incompressible fluid:

/b (A—1) [”Jf A—~(y/6)2/”1
n@@sjlﬂdwm=nm~nJm~nwm e :
g P A— (/8"

(n_,;g A—Ij ®)

i

NOTATION

yvand r are the instantaneous values of the transverse coordinate;

T, is the radius of the axisymmetric channel;

o is the thickness of the boundary layer in the exponential approximation;
is the parameter of the exponential function (see [1});

u is the velocity;
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v
p, T, and p
R

p
subscript 0
subscript 00
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is the reduced velocity;

are the semidynamic flow parameters;

is the gas constant;

is the specific heat capacity at constant pressure;

denotes the conditions at the axis or in the potential flow;
denotes the conditions in the case of isentropic stagnation.



